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ON FIBRANT OBJECTS IN MODEL CATEGORIES
VALERY ISAEV
Abstract. In this paper, we study properties of maps between fibrant objects
in model categories. We give a characterization of weak equivalences between
fibrant object. If every object of a model category is fibrant, then we give
a simple description of a set of generating cofibrations. We show that to
construct such model structure it is enough to check some relatively simple
conditions.
1. Introduction
Model categories, introduced in [7], are an important tool in homotopy theory.
In this paper, we study properties of maps between fibrant objects. We will show
that weak equivalence between fibrant objects have a simple characterization in
terms of generating cofibrations (proposition 3.5). In particular, if every object
of a model category is fibrant, then we get a complete characterization of weak
equivalences. Using this characterization, we will show that to construct a model
structure in which all objects are fibrant, it is enough to verify some (relatively)
simple conditions (theorem 4.2, proposition 4.4, proposition 4.6). Examples of ap-
plications of these constructions are model structures on strict ω-categories (which
was constructed in [5]) and topological spaces. Examples of new model structures
constructed by means of results of this paper will be given in [4].
If we fix the class of cofibrations, then the class of weak equivalences which defines
such model structure is unique if it exists. These class of weak equivalences is the
minimum possible among model structures with this class of cofibrations. Thus a
model category in which all objects are fibrant is left-determinant (as defined in
[8]). But the converse is not true. For example, the category of simplicial sets (as
well as every Grothendieck topos [1]) carries a left-determinant model structure
with monomorphisms as cofibrations, but a model structure on this category in
which all objects are fibrant and with this class of cofibrations does not exist. To
see this, consider a cylinder C for the terminal object. Then C ∐∆[0] C does not
have a map from ∆[1] which maps faces of this simplex to points of C which were
not amalgamated. Thus C ∐∆[0] C cannot be fibrant.
Thus the class of model structures in which all objects are fibrant is much nar-
rower than the class of left-determinant model structures. On the other hand
model categories in which all objects are fibrant have properties not shared by left-
determinant ones. Often a set of generating trivial cofibrations is defined using
cardinality bounds on domains and codomains of maps, which does not give us a
useful description of generating trivial cofibrations. But if all objects are fibrant,
then we can give a simple explicit construction of a set of generating trivial cofi-
brations (see corollary 3.2). Also, as we already noted, model categories in which
all objects are fibrant have a simple characterization of weak equivalences in terms
of generating cofibrations.
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In section 2, we recall definitions and basic properties of weak factorization
systems and model categories. In section 3, we prove several results that are related
to fibrant objects, fibrations and trivial cofibrations between them. In section 4,
we demonstrate a method of constructing model structures in which all objects are
fibrant.
2. Preliminaries
In this section, we will introduce a few definitions that we will need later. We
will also recall the definition and basic properties of model categories and prove a
slightly generalized versions of some standard lemmas.
2.1. Homotopy relation. Let C be a category and let V be an object of C. Then
we a cylinder object for V is an object C(V ) together with maps i0, i1 : V → C(V ).
If i : U → V is a morphism of C, then a relative cylinder object for C is a cylinder
object (CU (V ), i0, i1) for V such that i0 ◦ i = i1 ◦ i. If C has the initial object
0, then a relative cylinder object for 0 → V is just a cylinder object for V . A
morphism of cylinder objects C(V1) and C(V2) is a pair of maps f : V1 → V2 and
C(f) : C(V1)→ C(V2) which commute with i0 and i1.
A (left) homotopy (with respect to C(V )) between maps f, g : V → X is a map
h : C(V )→ X such that h ◦ i0 = f and h ◦ i1 = g. Maps are homotopic if there is a
homotopy between them. Maps are homotopic relative to i : U → V (with respect
to CU (V )) if there is a homotopy with respect to CU (V ) between them. Note that
maps are homotopic relative to i only if i◦f = i◦g. If maps f and g are homotopic,
then we write f ∼ g, and if they are homotopic relative to i, then we write f ∼i g.
Let V, Y be objects of a category C and R some relation on the set C(V, Y ).
Given two morphisms f : U → V and g : X → Y , we say that f has the left lifting
property (LLP) up to R with respect to g, and g has the right lifting property (RLP)
up to R with respect to f if for every commutative square of the form
U
u //
R
f

X
g

V
v
//
h
??⑦
⑦
⑦
⑦
Y,
there is a dotted arrow h : V → X such that h ◦ f = u and (g ◦ h)Rv. We say a
map f has the right lifting property up to R with respect to an object V if it has
this property with respect to the map 0 → V . Given a morphism f and a set of
morphisms I, f has the left (right) lifting property up to R with respect to I if it
has this property with respect to all morphisms in I. A map has the right (left)
lifting property if it has this property up to the equality relation.
Let R be the maximal relation on the set C(V, Y ), that is for every f1, f2 :
V → Y , we have f1Rf2. We will say that g : X → Y is pure with respect to
f : U → V if g has RLP up to R with respect to f . The notion of pure morphism
is (formally) similar to the concept of λ-pure morphism, used in the theory of
accessible categories.
We list a few elementary properties of pure morphisms in the following proposi-
tion:
Proposition 2.1. The following holds in every category C:
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(1) If g has RLP up to some relation with respect to f , then g is pure with
respect to f .
(2) Pure maps are closed under composition.
(3) If f : X → Y and g : Y → Z are maps such that g ◦ f is pure, then f is
also pure.
(4) Every split monomorphism is pure with respect to all maps.
(5) If a map is pure with respect to itself, then it is a split monomorphism.
Let C be a category and let X be an object of C. A path object for X is an
object P (X) together with maps p0, p1 : P (X)→ X . A (right) homotopy between
morphisms f, g : V → X is a map h : V → P (X) such that p0◦h = f and p1◦h = g.
We say that f and g are right homotopic and write f ∼r g if there exists a right
homotopy h : V → P (X) between them. A morphism of path objects P (X) and
P (Y ) is a pair of maps f : X → Y and P (f) : P (X)→ P (Y ) which commute with
p0 and p1.
Note that ∼ is reflexive if and only if there exists a map s : CU (V ) → V
such that s ◦ i0 = s ◦ i1 = idV . In this case we will say that CU (V ) is reflexive.
Relation ∼r is reflexive if and only if there exists a map t : X → P (X) such that
p0 ◦ t = p1 ◦ t = idX . In this case we will say that P (X) is reflexive. If P (X) is
reflexive, then we say that a right homotopy h : V → P (X) between f, g : V → X
is constant on i : U → V if h ◦ i = t ◦ f ◦ i. In this case, we write f ∼ri g and say
that f and g are homotopic relative to i.
2.2. Model categories. Model categories were introduced in [7]. For an introduc-
tion to the theory of model categories see [2, 3].
Definition 2.2. A weak factorization system on a category C is a pair (L,R) of
full subcategories of the category C→ of arrows of C such that
• Every morphism factors into a map in L followed by a map in R.
• L is the class of maps that have LLP with respect to R.
• R is the class of maps that have RLP with respect to L.
Definition 2.3. A model structure on a category C is a choice of three classes
of morphisms F , C, and W , called fibrations, cofibrations, and weak equivalences
respectively, satisfying the following axioms:
• W has 2-out-of-3 property, that is given composable morphisms f, g, if two
out of three morphisms f , g, g ◦ f are in W , so is the third.
• (C,F ∩W) and (C ∩W ,F) are weak factorization systems.
A model category is a complete and cocomplete category equipped with a model
structure.
A map is called a trivial fibration if it belongs to F ∩W , and it is called a trivial
cofibration if it belongs to C ∩ W . An object X is called fibrant if the morphism
X → 1 to the terminal object is a fibration, and it is called cofibrant if the morphism
0→ X from the initial object is a cofibration.
Let C be a model category. Then we can define a relative cylinder object CU (V )
for every i : U → V . Let [i0, i1] : V ∐U V → C(V ), s : C(V )→ V be a factorization
of [idV , idV ] : V ∐U V → V into a cofibration and a trivial fibration. The homotopy
relation corresponding to this cylinder object is always reflexive and symmetric.
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Every object X in a model category C has a reflexive path object which is
defined as a factorization of the diagonal 〈idX , idX〉 : X → X ×X . The following
proposition is standard:
Proposition 2.4. If i : U → V is a cofibration and X is a fibrant object, then
maps f, g : V → X are left homotopic relative to i if and only if they are right
homotopic relative to i. This homotopy relation is an equivalence relation.
A map f : X → Y is an inclusion of a deformation retract if there is a map
g : Y → X such that g ◦f = idX and f ◦g ∼ idY . A map f : X → Y is an inclusion
of a strong deformation retract if the homotopy is relative to f .
The following lemmas generalize standard properties of model categories.
Lemma 2.5 (Homotopy extension property). Let C be a category, and let i : U →
V be a morphism of C. Suppose that for an object X of C, there exists a path
object p0, p1 : P (X)→ X such that p0 has RLP with respect to i.
Let i : U → V ∈ C, u : U → X, and v : V → X be maps, and let h : U → P (X)
be a homotopy between v ◦ i and u. Then there exists a map v′ : V → X and a
homotopy h′ : V → P (X) between v and v′ such that h = h′ ◦ i.
Proof. Let h : U → P (X) be a homotopy between v◦i and u. Consider the following
diagram:
U
h //
i

P (X)
p0

V
v
// X
By assumption, we have a lift h′ : V → P (X) which is a required homotopy. 
This lemma can be illustrated as follows:
U
u //
i

∼r
X
V
v
>>⑦⑦⑦⑦⑦⑦⑦⑦
U
u //
i
 ∼
r
X
V
v′
>>⑦
⑦
⑦
⑦ v
LL
If we have a diagram on the left, then we can find a map v′ such that the diagram
on the right commutes. Moreover, if we restrict the homotopy between v and v′ on
U , then we get the original homotopy between v ◦ i and u. Let ∼r∗ be the reflexive
transitive closure of ∼r. Then the previous lemma also holds for ∼r∗ in place of
∼r:
Lemma 2.6. Let C be a category that satisfies conditions of the previous lemma.
Let i : U → V ∈ C, u : U → X, and v : V → X be maps, and let h1, . . . hn :
U → P (X) be a sequence of homotopies such that p1 ◦ hj = p0 ◦ hj+1 for every
1 ≤ j < n, p0 ◦h1 = v ◦ i and p1 ◦hn = u. Then there exists a map v
′ : V → X and
a sequence of homotopies h′1, . . . h
′
n : V → P (X) such that p1 ◦ h
′
j = p0 ◦ h
′
j+1 for
every 1 ≤ j < n, p0 ◦ h
′
1 = v and p1 ◦ h
′
n = v
′ and hj = h
′
j ◦ i for every 1 ≤ j ≤ n.
Proof. Apply the previous lemma n times. 
Let C be a category and let I be a class of morphisms of C. Then we define I-inj
to be the class of morphisms of C that has RLP with respect to I, I-cof to be the
class of morphisms of C that has LLP with respect to I-inj, and I-cell to be the
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class of transfinite compositions of pushouts of elements of I. Elements of I-cell are
called relative I-cell complexes. Every relative I-cell complex belongs to I-cof.
We say that a set I of maps of a cocomplete category C permits the small object
argument if the domains of maps in I are small relative to I-cell.
Proposition 2.7 (The small object argument). Let C be a cocomplete category
and I a set of maps of C that permits the small object argument. Then (I-cell, I-inj)
is a weak factorization system.
Definition 2.8. Let C be a category with a model structure. Then this model
category is cofibrantly generated if there are sets I and J of maps of C such that
they permit the small object argument, F = J-inj, and F ∩W = I-inj.
Elements of I are called generating cofibrations, and elements of J are called
generating trivial cofibrations.
Proposition 2.9. Suppose that C is a complete and cocomplete category, W is
a class of morphisms of C, and I, J are sets of morphisms of C. Then C is a
cofibrantly generated model category with I as the set of generating cofibrations, J
as the set of generating trivial cofibrations, and W as the class of weak equivalences
if and only if the following conditions are satisfied:
(A1): I and J permit the small object argument.
(A2): W has 2-out-of-3 property and is closed under retracts.
(A3): I-inj ⊆ W.
(A4): J-cell ⊆ W ∩ I-cof.
(A5): Either J-inj ∩W ⊆ I-inj or I-cof ∩W ⊆ J-cof.
3. Properties of model categories
In this section, we will prove various properties of model categories that are
related to fibrant objects. In particular, we will give a characterization of weak
equivalences between fibrant objects.
3.1. Generating trivial cofibrations. First, let us show how to construct a set
of generating trivial cofibrations from a set of generating cofibrations satisfying
some mild hypotheses, assuming that every object in a model category is fibrant.
Let C be a category and I a class of maps of C together with a relative cylinder
object CU (V ) for every i : U → V in I. Let us denote by JI the class of maps
i0 : V → CU (V ) for each U → V ∈ I.
Proposition 3.1. Let C be a category, and let I be a class of maps of C. If
f : X → Y ∈ JI-inj has RLP up to ∼i with respect to every i ∈ I, then f ∈ I-inj.
Proof. Suppose we have a commutative square as below. We need to find a lift
V → X such that both triangles commute.
U
i∈I

//
∼
X
f

V
v
//
g
>>⑦
⑦
⑦
⑦
Y
By assumption, we have a lift g : V → X together with a homotopy h : CU (V )→ Y
between f ◦g and v. Since f has RLP with respect to i0, we have a lift h
′ : CU (V )→
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X in the following diagram:
V
g //
i0

X
f

CU (V )
h //
h′
;;①
①
①
①
①
Y.
Then h′ ◦ i1 is a required lift in the original square. 
Corollary 3.2. Let C be an model category in which every object is fibrant. Suppose
that the class of cofibrations is generated by a set I such that the domains and the
codomains of maps in I are small relative to I-cell. Then the model structure is
cofibrantly generated with JI as a set of generating trivial cofibrations.
Proof. This follows from the previous proposition and proposition 2.9. 
3.2. Weak equivalences between fibrant objects. The following propositions
give useful characterizations of trivial cofibrations and weak equivalences between
fibrant objects.
Proposition 3.3. Let C be a model category. Any inclusion of a strong deforma-
tion retract f is a weak equivalence. If f is a cofibration between fibrant objects,
then the converse is true.
This characterization of trivial cofibrations is probably well-known. Similar
propositions are proved in [2], but we could not find a reference for this property,
so we include a proof for the sake of convenience.
Proof. First, let us show that any inclusion of a strong deformation retract f : X →
Y is a weak equivalence. Factor f into a trivial cofibration i : X → Z followed by
a fibration p : Z → Y . Let g : Y → X be a retraction of f and let h : CX(Y )→ Y
be a homotopy between f ◦ g and idY . Consider the following diagram:
Y
i◦g //
i0

Z
p

CX(Y )
h
//
h′
;;①
①
①
①
①
Y.
Since i0 : Y → CX(Y ) is a trivial cofibration, we have a lift h
′ : CX(Y )→ Z. Then
h′ ◦ i1 ◦f = i and p◦h
′ ◦ i1 = idY , thus f is a retract of i, hence a weak equivalence.
To prove the converse, let us show that every weak equivalence with fibrant do-
main is pure with respect to cofibrations. This follows from the fact that every weak
equivalence can be factored into a trivial cofibrant and a trivial fibration. Every
trivial fibration is pure with respect to cofibrations, and every trivial cofibration
with fibrant domain is a split monomorphism, hence it is pure with respect to any
map.
Now, let f : X → Y be a trivial cofibration between fibrant objects. Since X
is fibrant, f has a retraction g : Y → X . By 2-out-of-3 property, g is a weak
equivalence. Since Y is fibrant, g is pure with respect to cofibrations. Consider the
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following diagram:
Y ∐X Y
[f◦g,idY ] //
[i0,i1]

Y
g

CX(Y ) g◦s
// X
Since g is pure, we have a lift, which gives us a homotopy between f ◦g and idY . 
Now, we need to prove a technical lemma, which we formulate in a general form
since we will need it later.
Lemma 3.4. Let C be a finitely cocomplete category, and let i : U → V and
g : Y → Z be maps of C. Let CU (V ) be a relative cylinder object for i. Suppose
that for every A ∈ {Y, Z}, there exists a path object p0, p1 : P (A) → A, which
satisfy the following conditions:
(1) For every A ∈ {Y, Z}, p0 : P (A) → A has RLP with respect to i and it is
pure with respect to [i0, i1] : V ∐U V → CU (V ).
(2) There exists a morphism of path objects (g, P (g)) : P (Y )→ P (Z).
(3) Either p1 : P (Z) → Z has RLP with respect to i or there exists a map
s : P (Z)→ P (Z) such that p0 ◦ s = p1 and p1 ◦ s = p0.
Let f : X → Y be a map of C such that f has RLP up to ∼r∗ with respect to U ,
and g ◦ f has RLP with respect to i up to ∼i. Then g also has RLP with respect to
i up to ∼i.
Proof. Suppose that we have a commutative square as below. Then there exists a
map ux : U → X and a sequence of homotopies h
1, . . . hn : U → P (Y ) between
f ◦ ux and u.
∼r∗
X
f

U
ux
>>⑦
⑦
⑦
⑦
i

u
// Y
g

V
v
// Z
Then we have a sequence of homotopies h1u, . . . h
n
u between g◦f◦ux and v◦i. If p1 has
RLP with respect to i, then let hju = P (g) ◦ h
j ; otherwise let hju = s ◦ s ◦P (g) ◦ h
j.
By lemma 2.6, there exists a map vz : V → Z and a sequence of homotopies
h13, . . . h
n
3 : V → P (Z) between vz and v such that h
j
3 ◦ i = h
j
u. Indeed, if p1 has
RLP with respect to i, then we can apply lemma 2.6 to p1, p0 : P (Z) → Z. If we
defined hju as s ◦ s ◦ P (g) ◦ h
j, then we can apply lemma 2.6 to s ◦ P (g) ◦ hj to get
a sequence of homotopies h14, . . . h
n
4 between v and vz . Then we can define h
j
3 as
s ◦ hj4.
By assumption on g ◦ f , there exists a map vx : V → X and a homotopy
h2 : CU (V ) → Z between g ◦ f ◦ vx and vz . Note that h
1, . . . hn is a sequence of
homotopies between f ◦ ux = f ◦ vx ◦ i and u. Thus by lemma 2.6, we have a map
vy : V → Y and a sequence of homotopies h
1
y, . . . h
n
y : V → P (Y ) between f ◦vx and
vy such that h
j
y ◦ i = h
j . In particular, vy ◦ i = u. Thus we only need to prove that
g ◦ vy and v are homotopic relative to i. If h
j
u = P (g) ◦ h
j , then let hj1 = P (g) ◦ h
j
y.
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If hju = s ◦ s ◦ P (g) ◦ h
j , then let hj1 = s ◦ s ◦ P (g) ◦ h
j
y. Then h
j
1 ◦ i = h
j
u. Thus we
have a sequence of maps [hj1, h
j
3] : V ∐U V → P (Z).
If p0 ◦ h
j
1 ∼i p0 ◦ h
j
3, then p1 ◦ h
j
1 ∼i p1 ◦ h
j
3. Indeed, if h0 is a relative homotopy
between p0 ◦ h
j
1 and p0 ◦ h
j
3, then consider the following diagram:
V ∐U V
[hj
1
,h
j
3
]
//
[i0,i1]

P (Z)
p0

CU (V )
h0
// Z
Since p0 is pure with respect to [i0, i1], we have a lift q : CU (V ) → P (Z). Then
p1 ◦ q is a relative homotopy between p1 ◦ h
j
1 p1 ◦ h
j
3.
Finally, note that h2 is a relative homotopy between g ◦ f ◦ vx = p0 ◦ h
1
1 and
vz = p0 ◦ h
1
3. It follows that p1 ◦ h
n
1 = g ◦ vy and p1 ◦ h
n
3 = v are also relatively
homotopic. 
Now we can give a characterization of weak equivalences between fibrant objects.
Proposition 3.5. Let C be a model category, and let I be a class of maps of C
such that I-cof = C. Let f : X → Y be a morphism of C such that X and Y are
fibrant. Then the following conditions are equivalent:
(1) f is a weak equivalence.
(2) f has RLP up to ∼i with respect to every cofibration i.
(3) f has RLP up to ∼i with respect to every i ∈ I.
Proof. (1 ⇒ 2) Factor f into a trivial cofibration i : X → Z followed by a trivial
fibration p : Z → Y . Let c : U → V be a cofibration and let u : U → X , v : V → Y
be maps such that f ◦ u = v ◦ c. Since c is a cofibration and p is a trivial fibration,
we have a lift q : V → Z. Since i is a trivial cofibration between fibrant objects, by
proposition 3.3, it has a retraction r : Z → X such that i ◦ r ∼i idZ . Then r ◦ q is
a required lift.
(2⇒ 3) Obvious.
(3 ⇒ 1) Factor f into a trivial cofibration f ′ : X → Z followed by a fibration
g : Z → Y . Let us prove that f ′ has RLP up to ∼r with respect to every object.
By proposition 3.3, there exists a map g′ : Z → X and a homotopy f ′ ◦ g′ ∼f ′ idZ .
By proposition 2.4, we have a right homotopy h : Z → P (Z) between f ′ ◦ g′ and
idZ . For every morphism u : U → Z we can define a lift u
′ : U → Y as g′ ◦u. Then
h ◦ u is a homotopy between f ′ ◦ u′ and u.
Since Z and Y are fibrant, conditions of lemma 3.4 are satisfied. Hence g has
RLP up to ∼i with respect to every i ∈ I. Since JI consists of trivial cofibrations, by
proposition 3.1, g is a trivial fibration. Thus f is a weak equivalence by 2-out-of-3
property. 
Often the class of cofibrations is generated by much smaller class I. Thus the
last condition in the previous proposition gives us a useful characterization of weak
equivalences between fibrant objects which is easy to verify in practice. In par-
ticular, if every object in a model category is fibrant, then this proposition gives
us a complete characterization of weak equivalences, which we will use in the next
section.
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3.3. Trivial cofibrations and fibrations with fibrant codomains. If not every
object of a model category is fibrant, then sometimes we can characterize fibrant
object as those which have RLP with respect to some set of trivial cofibrations S
which is considerably smaller than a set of generating cofibrations. For example,
Joyal model structure on simplicial sets has weak Kan complexes as fibrant objects,
which are simplicial sets that have RLP with respect to inner horns. But inner horns
do not generate the whole class of trivial cofibrations.
A natural candidate for a set of generating trivial cofibrations is JI∪S. In general,
this set is too small, but it works for trivial cofibrations and fibrations with fibrant
codomains. For simplicial sets (with Joyal model structure), a stronger version of
this result was proved in [6] (where it is attributed to Joyal).
Proposition 3.6. Let C be a model category. Let I be a set of generating cofibra-
tions, and let S be a set of trivial cofibrations such that every object that has RLP
with respect to S is fibrant. Suppose that the domains and the codomains of maps
in I and the domains of maps in S are small relative to I-cell.
Then a map with fibrant codomain is a trivial cofibration if and only if it belongs
to (JI ∪ S)-cof. A map with fibrant codomain is a fibration if and only if it belongs
to (JI ∪ S)-inj.
Proof. Let f : X → Z be a trivial cofibration such that Z is fibrant. Factor f into
a map g : X → Y ∈ (JI ∪ S)-cell followed by a map h : Y → Z ∈ (JI ∪ S)-inj.
X
g //
f

Y
h

Z
>>⑦
⑦
⑦
⑦
Z
By 2-out-of-3 property, h is a weak equivalence. Since it is a weak equivalence
between fibrant objects, by proposition 3.5, it has RLP up to i with respect to
every i ∈ I. By proposition 3.1, f ∈ I-inj. Hence, we have a lift Z → Y as shown
in the diagram above. Thus f is a retract of g, and it belongs to (JI ∪ S)-cof.
Let f : X → Y be a map in (JI∪S)-inj such that Y is fibrant. To prove that it is a
fibration, we need to show that it has RLP with respect to every trivial cofibration.
Let i : U → V be a trivial cofibration, and let u : U → X and v : V → Y be
maps such that the obvious square commutes. Factor v into a map V → Z ∈ S-cell
followed by a map Z → Y ∈ S-inj.
U
u //
i

X
f

V // Z //
>>⑦
⑦
⑦
⑦
Y
Since Z is fibrant and U → Z is a trivial cofibration, we have a lift Z → X in the
diagram above. Thus f has RLP with respect to i. 
We can try to use the previous proposition to characterize all trivial cofibrations
and fibrations. For example, if every map in (JI ∪ S)-inj is a pullback of a map in
(JI ∪ S)-inj with fibrant codomain, then JI ∪ S generates the whole class of trivial
cofibrations. But we do not know any general situation when this property holds.
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4. Existence of model structures
In this section, we will give necessary and sufficient conditions for the existence
of a model structure in which all objects are fibrant. Throughout this section let
C be a fixed complete and cocomplete category and I a set of maps of C such
that the domains and the codomains of maps in I are small relative to I-cell. For
every i : U → V ∈ I, choose a reflexive relative cylinder object CU (V ) such that
[i0, i1] : V ∐U V → CU (V ) ∈ I-cof. Let JI = { i0 : V → CU (V ) | i : U → V ∈ I },
and letWI be the set of maps which have RLP up to ∼i with respect to every i ∈ I.
We will consider the following conditions:
For every composable f ∈ JI-cell and g, if g ◦ f ∈ WI, then g ∈ WI (*)
For every composable f ∈ JI-cell ∪WI and g, if g ◦ f ∈ WI, then g ∈ WI (*’)
Lemma 4.1. If condition (*) holds, then the following is true:
(1) Every weak equivalence factors into a map in JI-cell followed by a map in
I-inj.
(2) Every weak equivalence has RLP up to ∼i with respect to every i ∈ I-cof.
(3) For every f : X → Y and g : Y → Z, if g ∈ WI and g ◦ f ∈ WI, then
f ∈ WI.
(4) For every f : X → Y and g : Y → Z, if f ∈ WI and g ∈ WI, then
g ◦ f ∈ WI.
(5) JI-cell ⊆ WI.
Proof. Let f : X → Z be a weak equivalence. Factor f into maps f ′ : X → Y ∈
JI-cell and g : Y → Z ∈ JI-inj. By assumption, g ∈ WI. By proposition 3.1,
g ∈ I-inj.
Maps in I-inj are pure with respect to cofibrations. Maps in JI-cell are split
monomorphisms; thus they are pure with respect to all maps. Hence every weak
equivalence is pure with respect to cofibrations. Since every weak equivalence fac-
tors into a map in JI-cell followed by a map in I-inj, to prove that every weak
equivalence has RLP up to ∼i with respect to every cofibration i : U → V , it is
enough to show that every map in JI-cell has this property. Let f : X → Y be
a map in JI-cell. It has a retraction g : Y → X which is a weak equivalence by
condition (*). Hence g is pure. Let u : U → X and v : V → Y be maps such that
the obvious square commutes. Consider the following diagram:
V ∐U V
[f◦g◦v,v] //
[i0,i1]

Y
g

CU (V ) g◦v◦s
// X
Since g is pure, we have a relative homotopy between f ◦ g ◦ v and v. Thus g ◦ v is
a required lift in the original square.
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Now, let us prove (3). Let f : X → Y and g : Y → Z be maps such that g ∈ WI
and g ◦ f ∈ WI. Consider the following diagram:
U
u //
i

X
f

V
v //
  ❅
❅❅
❅❅
❅❅
❅ Y
g

Z
Since g◦f ∈ WI, we have a lift q : V → X and a homotopy h : CU (V )→ Z between
g ◦ f ◦ q and g ◦ v. Consider the following diagram:
V ∐U V
[f◦q,v] //
[i0,i1]

Y
g

CU (V )
h
// Z
Since g is pure with respect to cofibrations, we have a lift h′ : CU (V ) → Y which
gives us a homotopy between f ◦ q and v.
Now, let us show that every f : X → Y ∈ JI-cell is a weak equivalence. Let
g : Y → X be a retraction of f . By assumption, g is a weak equivalence. By (3),
f is a weak equivalence too.
Finally, let us prove that weak equivalences are closed under compositions. To
do this, it is enough to show that relation ∼i is transitive. Let h0 : CU (V ) → X
be a homotopy between f : V → X and f ′ : V → X , and let h1 : CU (V ) → X be
a homotopy between f ′ : V → X and f ′′ : V → X . Then consider the following
diagram:
V
i1 //
i0

CU (V )
p0

CU (V ) p1
//
s

Z
❴✤
q

V
i1
// CU (V )
❴✤
Since p0 ∈ JI-cell, q is a weak equivalence. Consider the following diagram:
V ∐U V
[p0◦i0,p1◦i1] //
[i0,i1]

Z
q

CU (V ) CU (V )
Since q is pure with respect to cofibrations, we have a lift h : CU (V ) → Z. Then
[h0, h1] ◦ h is a homotopy between f and f
′′. 
Theorem 4.2. There exists a model structure on C with I-cof as the class of
cofibrations and JI-cof as the class of trivial cofibrations if and only if condition (*’)
holds.
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Proof. First, suppose that such model structure on C exists. Then every object is
fibrant and CU (V ) is a correct cylinder object. By proposition 3.5, WI is the class
of weak equivalences. Hence condition (*’) holds.
Now, suppose that condition (*’) holds. Let us verify the conditions of proposi-
tion 2.9:
(A1): This holds by assumption.
(A2): The closure of WI under retracts is obvious. One part of 2-out-of-3
property holds by assumption, other two parts follow from lemma 4.1.
(A3): This is true since CU (V ) is reflexive.
(A4): This holds by lemma 4.1.
(A5): This holds by proposition 3.1.

If maps in I satisfy some mild assumptions, then we can simplify the condition
in theorem 4.2:
Proposition 4.3. Suppose that the domains of maps in I are cofibrant. Then
conditions (*) and (*’) are equivalent.
Proof. Condition (*’) obviously implies condition (*). Let us prove the converse.
Let f : X → Y and g : Y → Z be maps such that f ∈ WI and g ◦ f ∈ WI. By
lemma 4.1, we can factor f into maps f ′ : X → X ′ ∈ JI-cell and g
′ : X ′ → Y ∈ I-inj.
Then g ◦ g′ ∈ WI by assumption. Consider the following diagram:
X ′
g′

U
u
//
i

u′
>>⑥
⑥
⑥
⑥
Y
g

V
v
// Z
Since U is cofibrant, we have a lift u′ : U → X ′. Since g ◦ g′ ∈ WI, we have a lift
v′ : V → X ′ such that g ◦ g′ ◦ v′ ∼i v. Then g
′ ◦ v′ is a required lift in the original
square. 
Thus the main problem is to verify condition (*). There are a few ways to do this,
but the idea is the same: we need to assume that there exists some notion of homo-
topy on sets of maps which satisfies some conditions. There are two standard ways
to do this: using path and cylinder objects. Now, we present this constructions.
Proposition 4.4. Condition (*) holds if and only if for every object X, there exists
a path object P (X) such that the following conditions hold:
(1) For every f : X → Y , there exists a morphism of path objects (f, P (f)) :
P (X)→ P (Y ),
(2) Either p1 has RLP with respect to I or there exists a map s : P (X)→ P (X)
such that p0 ◦ s = p1 and p1 ◦ s = p0.
(3) p0 has RLP with respect to I.
(4) Either path objects are reflexive and maps 〈p0, p1〉 : P (X) → X ×X have
RLP with respect to JI or maps in JI-cell have RLP up to ∼
r with respect
to the domains of maps in I.
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Proof. If condition (*) holds, then we can define path objects as usual using a
factorization of the diagonal X → X × X into maps X → P (X) ∈ JI-cell and
P (X)→ X ×X ∈ JI-inj.
Note that if the second condition of (4) holds, then condition (*) holds by
lemma 3.4. Thus we only need to prove that the first condition of (4) implies
the second. Indeed, let f : X → Y be a map in JI-cell, and let g : Y → X be its
retraction. Consider the following diagram:
X
t◦f //
f

P (Y )
〈p0,p1〉

Y
〈f◦g,idY 〉
//
77♦♦♦♦♦♦♦
Y × Y
We have a lift h : Y → P (Y ) which gives us a right homotopy between f ◦ g and
idY . Now, for every u : U → Y , we can define a lift u
′ = g ◦ u : U → X and a
homotopy h ◦ u between f ◦ u′ and u. Thus f has RLP up to ∼r with respect to
any object. 
Example 4.5. An example of a model category defined in this way is a folk model
structure on the category of ω-categories which was constructed in [5]. The con-
ditions of proposition 4.4 follow from the results of [5], but some of them are not
needed for this proposition. Thus the construction of this model structure can be
somewhat simplified using the general results of this section.
Instead of path objects, we could try to use cylinder objects to verify condi-
tion (*). The advantage of this approach is that we do not need to define a cylinder
object for every object of the category, only for objects that are domains and
codomains of generating cofibrations. The disadvantage is that we still need to
verify that maps in J-cell has RLP up to ∼ with respect to domains of generating
cofibrations.
Proposition 4.6. Condition (*) holds if and only if for every object X which either
domain or codomain of a map in I, there exists a cylinder object C(X) such that
the following conditions hold:
(1) For every i : U → V ∈ I, there exists a morphism of cylinder objects
(i, C(i)) : C(U)→ C(V ).
(2) There exists a map s : C(X)→ C(X) such that s ◦ i0 = i1, s ◦ i1 = i0, and
C(i) ◦ s = s ◦ C(i).
(3) These cylinder objects satisfy homotopy extension property. That is, if
i : U → V ∈ C, u : U → X and v : V → X are maps, and h : C(U)→ X is
a homotopy between v ◦ i and u, then there exists a map v′ : V → X and a
homotopy h′ : C(V )→ X between v and v′ such that h = h′ ◦ C(i).
(4) Maps in JI-cell have RLP up to ∼
∗ (reflexive transitive closure of ∼) with
respect to domains of maps in I.
(5) For every i : U → V ∈ I, we have a lift p in the following diagram:
V ∐U V
f //
[i0,i1]

T
CU (V )
p
;;①
①
①
①
①
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where T = CU (V ) ∐(V∐UV ) (C(V ) ∐C(U) C(V )) is the pushout of maps
[i0, i1] : V ∐U V → CU (V ) and i0∐i0 i0 : V ∐U V → C(V )∐C(U)C(V ), and
f : V ∐U V → T is the composite V ∐U V
i1∐i1 i1−−−−−→ C(V )∐C(U) C(V )→ T .
Proof. If condition (*) holds, then we can define such cylinder objects as usual by
factorization of [idX , idX ] : X ∐ X → X into a cofibration and a trivial fibration.
The proof of the converse is similar to the proof of lemma 3.4.
Suppose that we have a commutative square as below, where f ∈ JI-cell and
g ◦ f ∈ WI. Then there exists a map ux : U → X and a sequence of homotopies
h1, . . . hn : C(U)→ Y between f ◦ ux and u.
∼∗
X
f

U
ux
>>⑦
⑦
⑦
⑦
i

u
// Y
g

V
v
// Z
Then we have a sequence of homotopies g ◦ h1 ◦ s, . . . g ◦ hn ◦ s between v ◦ i and
g ◦ f ◦ ux. By homotopy extension property, there exists a map vz : V → Z
and a sequence of homotopies h13, . . . h
n
3 : C(V ) → Z between v and vz such that
h
j
3 ◦ C(i) = g ◦ h
j ◦ s.
Since g◦f ∈ WI, there exists a map vx : V → X and a homotopy h2 : CU (V )→ Z
between g◦f ◦vx and vz. Note that h
1◦s◦s, . . . hn◦s◦s is a sequence of homotopies
between f ◦ ux = f ◦ vx ◦ i and u. Thus by homotopy extension property, we have
a map vy : V → Y and a sequence of homotopies h
1
y, . . . h
n
y : C(V ) → Y between
f ◦ vx and vy such that h
j
y ◦C(i) = h
j ◦ s◦ s. In particular, vy ◦ i = u. Thus we only
need to prove that g ◦ vy and v are homotopic relative to i. If we let h
j
1 = g ◦ h
j
y,
then hj1 ◦ C(i) = g ◦ h
j ◦ s ◦ s = hj3 ◦ s ◦ C(i). Thus we have a sequence of maps
[hj1, h
j
3 ◦ s] : C(V )∐C(U) C(V )→ Z.
If [hj1, h
j
3◦s]◦(i0∐i0 i0) : V ∐UV → Z extends to CU (V ), then [h
j
1, h
j
3◦s]◦(i1∐i1 i1)
also extends to CU (V ). Indeed, if [h
j
1, h
j
3 ◦ s] ◦ (i0 ∐i0 i0) = h0 ◦ [i0, i1] for some
h0 : CU (V ) → Z, then by assumption we have a map q : T → Z such that
q ◦ p : CU (V )→ Z is an extension of [h
j
1, h
j
3 ◦ s] ◦ (i1 ∐i1 i1).
Finally, note that h2 is an extension of [g ◦ f ◦ vx, vz] = [h
1
1, h
1
3 ◦ s] ◦ (i0 ∐i0 i0).
It follows that we have an extension of [hn1 , h
n
3 ◦ s] ◦ (i1 ∐i1 i1) = [g ◦ vy, v], which
defines a relative homotopy between g ◦ vy and v. 
Example 4.7. An example of a model category defined in this way is the usual
model structure on topological spaces. If we define C(X) as I ×X, then the condi-
tions of proposition 4.6 are easy to verify directly.
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